Following an existing procedure in general relativity, the turnaround radius of a spherical structure is studied in scalar-tensor gravity using a new prescription for the analog of the Hawking-Hayward quasilocal mass in this class of theories. Contrary to the usual study of radial timelike geodesics, this procedure has the advantage of being gauge-independent.
We will begin in the context of a perturbed FLRW universe in the conformal Newtonian gauge.
To fix the notation, we recall the basic equations of scalar-tensor gravity. We follow the conventions of Ref. [40] : the metric signature is − + ++ and we use units in which the speed of light and Newton's constant are unity. The (Jordan frame) scalar-tensor action is
where R is the Ricci scalar of the metric g ab , which has determinant g, while φ is the Brans-Dicke-like scalar field and, approximately, the inverse of the spacetime-dependent effective gravitational coupling G ef f . V (φ) is the potential of this scalar field, while L (m) is the Lagrangian density of matter. The field equations read
where T ab = − 2 √ −g δ δg ab √ −g L (m) is the matter energy-momentum tensor with trace T ≡ T a a . Note that f (R) theories of gravity [41] are a subclass of scalar-tensor theories described by the action
where f (R) is a nonlinear function of the Ricci scalar. The scalar degree of freedom is φ = f ′ (R) and the scalar field potential is given implicitly by
in these theories. This action turns out to be equivalent to the scalar-tensor one [41] 
This is a Brans-Dicke action with vanishing Brans-Dicke parameter ω and a rather contrived potential V for the Brans-Dicke scalar φ.
II. TURNAROUND RADIUS WITH QUASILOCAL MASS IN SCALAR-TENSOR GRAVITY
As usual in the literature on the turnaround radius (and on structure formation), one does not include vector and tensor perturbations in the perturbed FLRW metric, which is justified at lower order for the non-relativistic velocities of the matter perturbations. The perturbed FLRW metric and Brans-Dicke-like scalar field are
where R 2 dΩ 2 (2) = h ab dx a dx b = R 2 dθ 2 + sin 2 θ dϕ 2 is the line element on the 2-spheres of symmetry with areal radius
to first order, and
Note that the tensors I ab and h ab form the metric g ab . In particular, the non-zero indices for I ab are 0, 1 (the time and radial coordinates), while the non-zero indices for h ab are 2, 3 (the angular coordinates). This simply provides a convenient splitting of the metric for later on.
We also assume that the metric and scalar field perturbations do not depend on time,
This assumption is fine for structures of size much smaller than the Hubble radius H −1 . However, this assumption would not be justified for inflationary perturbations that cross outside the horizon in the early universe, 1 . What we have in mind is applications to the turnaround radius of cosmic structures in the late universe. The structures of interest are of the size of galaxy clusters, therefore, much smaller than the Hubble radius and they evolve on time scales much smaller than the Hubble time. For these structures, it is justifiable to neglect the time dependence in the metric potentials (and, accordingly, in the Brans-Dicke scalar perturbation). Explicitly, we have (again, keep in mind the range of the indices and that we are computing this to first order)
The quasilocal mass contained in a 2-sphere of areal radius R in scalar-tensor theory, in spherical symmetry, is (cf. Eq. (20) of Ref. [37] )
where C abcd is the Weyl tensor and T ≡ g ab T ab is the trace of the matter energy-momentum tensor. Let us compute the various terms in the right hand side of Eq. (16) separately. The first term is
where the Weyl tensor is of first order in the perturbations since it vanishes exactly in the FLRW background.
Computing the component C 2323 gives
where a prime denotes differentiation with respect to the comoving radius r.
The background fluid consists of dark energy and a dust, with total energy density and pressure
,
.
Accordingly, the matter energy-momentum tensor is decomposed as
The non-vanishing components of the matter energy-momentum tensor are
and
so we obtain
Then the trace of the energy-momentum tensor is
where
so that
The next term for M ST is
and, to first order in the perturbations (we expand ω around the background field φ 0 ),
In order to compute h ab ∇ a ∇ b φ, we need the Christoffel symbols
and the second covariant derivatives
These expressions yield
while
By inserting these expressions in Eq. (16), a few terms cancel out and one is left with
Using the unperturbed Friedmann equation of scalar-tensor gravity in a spatially flat FLRW universe
(where an overdot denotes differentiation with respect to the comoving time t of the background FLRW universe, related to the conformal time η by dt = adη), the first square bracket on the right hand side of Eq. (44) becomes
, so that
Now, using
The structures interesting for turnaround physics that have been studied in the literature are galaxy groups and clusters [19, [21] [22] [23] [24] [25] ); they have size ∼ R much smaller than the Hubble radius H −1 and, since |Φ| ≪ 1, we can simplify: M (0)
According to the procedure of Ref. [35] , the (comoving) turnaround radius is obtained by setting
or
This is the equation satisfied by the tunaround radius in scalar-tensor gravity.
III. COMPARISON WITH PREVIOUS LITERATURE
As a check of the previous result, consider the special case of GR in which FLRW space, sourced by dark energy with equation of state P (0) = wρ (0) and w ≃ −1, is perturbed by a point-like mass m and
Equation (50) then reduces to
The equations expressing the comoving and areal values of the turnaround radius of a spherical structure are
respectively. Since ma ≪ R, one can neglect the term proportional to maR 2 in comparison with R 3 , obtaining the turnaround radius
which reproduces the well known result for this case, corresponding to Eq. (2.7) of Ref. [35] .
IV. CONCLUSIONS
The turnaround radius in scalar-tensor gravity is now derived using the new definition (49) already applied to GR in [35] to obtain a gauge-invariant expression of the turnaround radius. This definition differs from another one based on the study of radial timelike geodesics. However, in GR, the final values of the turnaround radius obtained with these two different definitions do not differ by much [35] , and the observational error in the determination of the turnaround radius of realistic structures in the sky is going to be more significant than this small difference between different definitions. However, the theory needs to be put on a sound basis before the significant challenges posed by the observational determination of the turnaround radius can be addressed. The new definition of scalar-tensor mass generalizing the Hawking-Hayward construct to scalar-tensor gravity [37] produces Eq. (50) which locates the turnaround radius in this class of theories. In general, this equation appears more complicated than the corresponding one of GR due to the presence of the extra scalar degree of freedom. There will certainly be simplifications to this formula in particular scalar-tensor scenarios which include an accelerated universe at the present epoch, to which we do not want to commit at the moment in order to preserve generality. The application of the general formula (50) to detailed scalar-tensor models will be considered elsewhere.
